Nomenclature

AR
= wing aspect ratio (half span) AoA = angle of attack a = sphere radius c = airfoil chord U ∞ = freestream velocity Re = Reynolds number based on chord c ω i , ω r = growth/damping rate and angular frequency of the perturbation St = 2π/ω r , Strouhal number of the perturbation Q, λ 2 = parameters in vortex identification criteria
I. Introduction
Linear stability analysis in either a modal (solution of the eigenvalue problem) or non-modal (transient growth analysis) context can reveal physical mechanisms that govern fluid flow dynamics well beyond the linear critical conditions for small-amplitude disturbance amplification. Moreover, linear analysis can offer handles to theoretically-founded flow control methodologies which can lead to a given flow modification at minimal energy expenditure. Abundant literature examples exist in fluid mechanics in general and aerospace-related applications in particular; the interested reader is referred to the volume by Miller and Joslin [6] for a relatively recent discussion of the topic.
In recent decades global linear stability theory [7] has permitted extending ideas from instability of boundary layers and free shear flows to geometrically complex configurations. Aided by the successes of the analysis and fast-growing hardware to support the computing work, the related literature [8] [9] [10] [11] has been growing fast, mainly addressing flows that are inhomogeneous in two out of three spatial directions, while the third can be decomposed by a Fourier Ansatz. In the context of laminar separated flows, the discovery of a three-dimensional self-excited global mode in a steady laminar (two-dimensional) separation bubble [12] set in motion a series of papers across speed regimes, aiming at understanding phenomena such as low-frequency "breathing" of separated flows, or the so-called "stall cells" associated with massive separation on airfoils from a linear global fluid flow instability perspective. To-date limited work exists [13] in the literature that has applied a fully three-dimensional (TriGlobal) linear stability analysis to flow around a wing and the present effort aims at closing this gap.
II. Theory and numerical methods
The methodology employed for the present analyses follows closely the earlier works of He et al. [2, 13] , who addressed linear instability in the wake of a three-dimensional wing with elliptical planform [13] , as well as primary and secondary instability of spanwise homogeneous flow in the wake of stalled wings with different NACA profiles [2] . These analyses used the Nek5000 [14] and nektar++ [15] open source codes, respectively, both of which will also be employed presently in order to cross-validate the results obtained.
A. Linear stability theory
In the absence of a homogeneous spatial direction in the problem at hand, linear TriGlobal [7] stability analysis is performed to investigate the evolution of 3D perturbations on a fully developed 3D steady or time-periodic configuration. Flow is governed by the non-dimensional incompressible Navier-Stokes (NS) and continuity equations
where the Reynolds number is defined as Re ≡ U ∞ c/ν, U ∞ is the free-stream velocity, c is the chord length, and ν is the kinematic viscosity. The dimensionless velocity components and pressure are denoted by q(x, y, z, t) = (u, p) T = (u, v, w, p) T and consist of a base-flow componentq and a superposed small perturbationq. In incompressible flow, the pressure perturbation can be expressed asp = ∇ −2 (∇·(ũ·∇ũ +ũ·∇ũ)), leading to the linearized Navier-Stokes equations
where L is a linear operator. In TriGlobal stability analysis the small three-dimensional perturbations are written as u(x, y, z, t) =û(x, y, z)e −iωt + c.c., whereû is the amplitude function, c.c. is a complex conjugate to ensure real-valued perturbations. Here ω is the complex eigenvalue of the matrix eigenvalue problem Aũ = −iωũ, which results from spatial discretization of the operator L in (2) when harmonic time perturbations are introduced.
B. Base flow computations
The equations of motion are solved numerically by either of the Nek5000 or nektar++ codes. To that end, a half model is considered and meshed using the Gambit and GMSH tools, respectively; a typical mesh around an AR = 6 half-wing model, based on the NACA 0015 airfoil and placed at an angle of attack AoA = 20 • to the oncoming stream, is shown in figure 1 Direct numerical simulation is used to march the equations in time; at low Reynolds numbers, a steady state is achieved which is further analyzed to obtain the leading damped global flow eigenmode, as will be discussed shortly. Past the first bifurcation, unsteady flow ensues and the Selective Frequency Damping (SFD) method [3] is used to construct an artificial steady base state, which is then analyzed to recover amplified global modes. Validation of this approach on instability in the wake of the canonical sphere geometry will also be discussed in what follows.
Finally, in order to close the systems of equations solved, the boundary conditions defined in Table 1 are used. In this table, D denotes homogeneous Dirichlet, N denotes homogeneous Neumann, S denotes symmetry boundary and O denotes robust outflow [16] boundary conditions, while at the inlet uniform flow U=U ∞ is imposed.
Table 1 Boundary conditions for the base flowq and perturbationq components
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III. Results
A. Validations
Secondary BiGlobal instability analysis of flow around a spanwise homogeneous stalled NACA 0015 wing
Instability of spanwise homogeneous flow in the wake of thin, thick, symmetric and cambered NACA airfoils has recently been addressed by He et al. [2] using the nektar++ and Semtex [17] codes. In preparation for what follows, the Nek5000 code is also applied here to analyse secondary instability in the wake of the NACA 0015 wing at the conditions of maximal secondary linear instability growth predicted in [2] , β = 10.5 at Re = 500 and AoA = 20 • . Figure 2 shows the streamwise vorticity of the leading secondary global mode, obtained in a spanwise domain (arbitrarily) chosen so as to permit the appearance of exactly 7 periods of the global mode. Excellent quantitative agreement of the amplification rates predicted by Nek5000 with the reference results of [2] obtained by the nektar++ and Semtex has been obtained. 
TriGlobal instability analysis of flow around a sphere
Attention is next turned to the problem of instability in the wake of a sphere, which serves as validation case of the TriGlobal linear stability analysis tools of the nektar++ [15] code for the wing problem at hand. The computational domain is discretized by 4700 hexahedral elements in Cartesian coordinates and the grid is refined using a modest polynomial order p = 5. As known from the classic reference work of Tomboulides and Orszag [1] flow loses its stability below (radius-based) Re = 300, such that at this Reynolds number unsteady flow is expected. An artificial steady state is obtained using the adaptive modification [18] of the original SFD method [3] and is shown in the upper part of Figure 3 , where the planar symmetry (and lack of axisymmetry) of this vortical flow has been visualized with the Q-criterion. The lower part of the same figure shows the three-dimensional amplitude function corresponding to the SFD-obtained base flow, the eigenvalue of which is listed in Table 2 . The results obtained by the nektar++ code are qualitatively identical with those in the reference work, while the observed quantitative disagreement is reduced when a larger domain and higher-degree polynomial, not shown here, are used. 
B. Comparisons with results in Parts I and II of the present effort
Our first goal is to establish a common point of departure for the parallel experimental, theoretical and numerical efforts. To this end, a given geometry and set of parameters have been chosen to make comparisons between the full three-dimensional flow field results obtained herein by the spectral element code nektar++, run in DNS mode, and the corresponding results obtained in Part II [4] by the finite volume code CharLES. At an arbitrarily chosen time, flow around an aspect ratio AR = 4 NACA 0015 wing has been computed at Re = 400 and AoA = 22 • by the two codes and the respective visualizations are compared in Fig. 4 . Excellent agreement between the two fully independently obtained sets of results is shown in terms of the key flow structures around the wing tip vortex, Karman vortex street in the center part of the wake and the interaction zone connecting these two regions. A small discrepancy between the two sets of results, barely visible at the center plane of symmetry, is due to a ∆t = 0.04 difference in the times at which the nektar++ and CharLES results are compared. Figure 5 summarizes TriGlobal analysis stability results obtained for an AR = 4 wing based on the NACA 0015 profile. Two sets of parameters are considered, (Re = 100, AoA = 20 • ), at which flow in the wake is steady, and (Re = 400, AoA = 22 • ) at which flow is unsteady. The respective three-dimensional base flows have been obtained by time-marching the equations of motion until the steady state is obtained at Re = 100, or by use of the SFD method at Re = 400 and are visualized at the upper row of Figure 5 .
C. Stability analyses
Re=100 Re=400
Base Flows
Global Mode Q-criterion
Global Modes λ 2 (y, z) at x = 2, 6, 10 The TriGlobal instability analysis results at the two Reynolds numbers are presented as columns in the same figure.
The most striking feature of the 3D eigenmodes at both sets of conditions is that they couple together linear instability mechanisms, such as trailing-vortex or wake instability, which have been treated in isolation in earlier analyses [13] . The leading damped eigenmode at Re = 100, obtained by the Residuals Algorithm [19] , is shown in the middle row (left column) of Figure 5 . A value λ 2 = −0.004 has been used to visualize instability developing around the trailing vortex, shown in the middle row of Figure 5 . Interestingly, the m = 1 (helical) instability of the trailing vortex is clearly visible in these results, which have of course been obtained without the usual assumption of azimuthal homogeneity. It is also worth noting that the double elongated structure emanating from the wing tip can also clearly be seen in the associated experiments performed in Part I of the present effort. However, at least at this low Reynolds number, it is not possible to separate instability of the tip vortex from that in the wake. This coupling is even stronger at Re = 400, as seen in the results shown in the middle row (right column) of the same figure, which have been visualized using Q = 0.2. At this Reynolds number a skewed system of vortical instabilities, emanating from the wing tip and extending toward the symmetry plane is clearly visible. Finally, isosurfaces of the λ 2 criterion at streamwise locations x=2, 6 and 10 are shown in the lower row of Figure 5 for both Reynolds numbers.
IV. Conclusion
Three-dimensional flow over a finite-span straight wing (AR = 4) at low Reynolds numbers Re = 100 − 400 and high angles of attack are investigated using direct numerical simulations. It is found that the flow is steady at Re = 100 and becomes unstable with vortex shedding parallel to the wing at higher Reynolds numbers. The stable wingtip vortex at Re = 400 is thinner but stronger than at low Reynolds numbers. Preliminary comparisons with experimental results show analogous qualitative agreement, while work to identify the leading eigenmode frequencies and compare with the direct numerical simulations in Part II of the present effort have commenced. Linear instability analyses show the leading TriGlobal mode has a distinct coherent vortex structure around the trace of wingtip vortex at lower Reynolds number, especially in the downstream of the wake. Whilst, the leading global mode at higher Reynolds number splits into two separated parts: a single wingtip vortex and a more complex mode behind the wing. Further analysis is underway and the results will be reported in due course. 
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